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A generic model of measurement device which is able to 
directly measure commonly used quantum-state characteris- 
tics such as fidelity, overlap, purity and Hilbert-Schmidt dis- 
tance for two general uncorrelated mixed states is proposed. 
In addition, for two correlated mixed states, the measurement 
realizes an entanglement witness for Werner's separability cri- 
terion. To determine these observables, the estimation of only 
one parameter - the visibility of interference, is needed. The 
implementations in cavity QED, trapped ion and electromag- 
netically induced transparency experiments are discussed. 



I. GENERIC MEASUREMENT 

A general state in quantum theory is described by den- 
sity matrix, which contains all information about the sys- 
tem. For simple systems, measuring system state p is 
well mastered problem, but with increasing dimension of 
Hilbert space, it is still complicated problem. However, 
some properties of quantum states can be described in a 
simpler way using the parameters, for example: fidelity 
(\E'|/5|^') with pure state \^), overlap Trp A p B between 
two density matrices, purity Trp 2 of the state or Hilbert- 
Schmidt distance between two different density matrices 



d 2 (p A ,P B ) 



1/2 x Tr(p A — p ) . In this report, we show 



that these parameters can be measured directly without 
state reconstruction even for continuous variable systems. 
In recent years, the preparation of quantum states in 
QED experiments in high-Q cavities Q and trapped-ion 
experiments are well mastered. In the last year, 
an enhancing of nonlinear interaction between two op- 
tical modes in electromagnetically induced transparency 
(EIT) offers new possibilities to manipulate with the 
quantum states. To measure a value of Wigner function 
of corresponding quantum state in a point of phase space, 
the effective setup was proposed for all the cavity QED, 
trapped-ion and traveling optical pulse experiments 
Therefore, after presenting generic structure of the mea- 
surement we discuss feasible implementations for state of 
cavity electromagnetic field, motional degree of freedom 
of trapped ion and traveling optical pulses. 

We shall employ two density matrices p A and p B for 
separate systems and 1 (generally infinite dimensional) , 
which can be expressed in particular diagonal bases \ip n ) 
and \(j> n ) 



Pf 



\<t>m){<t> 



(1) 



The scalar product c nm — (ip n \4>m} characterizes the 
overlap between two basis states. 

We will utilize an auxiliary qubit system A with ba- 
sis states | t) and | J.) and consider two interferometric 
setups, one for main systems and 1 and second for aux- 
iliary qubit system. For auxiliary system, we need the 
unitary transformations Uh (Hadamard gate) 



t) 



1 



V2 



(I T) + li», 



u>->7§(| i>-it» 

and a phase shift transformation U ps 

I T) ->■ exp(«/>)| T), |i>-U>, 



(2) 



(3) 



whereas for main systems and 1 we need the commonly 
used linear coupling operation 



U R = exp 



-{%a\ - a[a ) 



(4) 



performing the rotation in the phase space, which is gen- 
erated by interaction Hamiltonian 



Hji = ih£,(a/ Q ai — H.c) 



(5) 



where £ is a linear coupling constant and clq, a± are the 
annihilation operators of corresponding systems. The 
time of interaction should be set to the value r = 7r/4^. 
The operations Uh, Ur and Ups can be performed by 
linear systems and their implementations obviously do 
not represent principal problems. 

The key point in construction of the proposed measure- 
ment is the possibility to experimentally perform con- 
trolled phase shift (CPS) operation (or an equivalent op- 
eration) 



U C ps = cxp 



(inala \ TXT 



(6) 



between main system 1 and auxiliary qubit system. It 
can be effectively described by the following interaction 
Hamiltonian 



H12 = hKala \ |)(T 



(7) 



where n is a real coupling constant and the effective in- 
teraction time is set to be equal exactly to tt/k. If a 



1 



state of auxiliary system is | |), the above described op- 
eration realizes phase shift about tt in the "main" mode 
1, whereas for state | J.) no phase shift is induced. 

If we are able to perform all the above mentioned oper- 
ations experimentally the proposed measurement can be 
realized in a way depicted in Fig. 1. We can see that the 
device measuring consists of a main interferometer with 
the operations Up, U^ 1 on systems 0,1 coupled by CPS- 
gate to an auxiliary interferometer with the operations 
Uh, Ups on the qubit system A. We initially assume the 
qubit system in the state | ~\)a- First, we perform the 
operations Uh and U ps on the auxiliary qubit system 
and obtain the following state 



E 



I*, 



|*n,m) = ^=(exp(^)| T> + I l))\i>n)l\4>m}2. 



(8) 



In the second step, we apply the following sequence of 
transformations Ux = Uj^UcPsUp on the main systems 
and 1, which, in dependence on the state of auxiliary 
system, effectively flips the modes and 1 on the output 
of main systems: 



U R \lp n )o\(j> m )l\ T) = |^m)o|^n)l| T), 
^ii#n}o|</>m)l| I) = |^n)o|</>ro)l| I), 



(9) 



without change of the state of auxiliary system. If the 
auxiliary system is in the state | |), then the states of 
modes 1 and 2 remain unchanged. On the other hand, if 
the qubit is in the state | t), then states of systems 1 and 
2 are nipped. Thus the state of the whole system after 
the interaction is given by the formula 



\^ n , m ) = -^=(| 4} |Vn)o|^m)l + 

+ exp(i^)| t) |0m)o|VVi)i)- 



(10) 



Due to CPS operation, specific entanglement occurs be- 
tween auxiliary and main systems. Finally, the unitary 
transformation is performed and followed by detec- 
tion D of the states | f) and | J.) on auxiliary qubit. 

The probabilities p^ and p-\ of successful detection of 
particular state exhibit oscillatory dependence on phase 
tj) and if we assume p^ and p^ for various ip, then we can 
estimate the visibility of interference fringes. After some 
calculations one can find that visibility at the output of 
an auxiliary interferometer is given by 



V = 



Pmax Prnin 
Pmax T" Pm in 



= J2P" r ™\ c »™\ 2 = Trp A P B . (11) 



Thus, if we consider the independent states ([!]) at the 
input, then the visibility of interference fringes at the 



output of qubit interferometer is given exactly by the 
overlap O = Trp A p B . We can define overlap observable 
O on the total system in the following form 



O = E l^»')oo(Vwl ® IVwKiW'tj 



O = TrOp, 



(12) 



where p — p A p B is the input density matrix. Note, that 
operator O is exactly flip operator |t],|| making trans- 
formation 0(ip 8> <j>) = <t> <£> ip. Particularly, the scalar 
product |o( v I / | < I ) )i| 2 can be measured for two pure states 
and fidelity F =i ( x I , | ( oo| v I')i for one pure and one mixed 
state. It is important that only single parameter (the 
visibility) has to be estimated to measure overlap, irre- 
spective of the complexity of the state of main systems. 

To this moment, we have assumed that the two systems 
and 1 are initially uncorrelated and thus the total state 
was considered in separate form p = p A p B . For general 
state written in any local bases \ip n )o and \4'm}o 



Pnrnkl \i>n)oo(4>k \ ® \<t> 



(13) 



.k.I 



it can be found after some algebra that the measured 
visibility is 



V 



P7unkl(4>l\l/Jn)(lpk\4>n 



(14) 



n,m,k,l 

which can be re-arrangered in a way 

V=\(A\fi T '\A)\. (15) 
Here, the partial transposition is defined as follows 

Pmn,m>n> = MoHl/3 T2 W) i |m')o = Pmn',m'n (16) 
and | A) is an unnormalized maximally entangled state 

|A) = ^|^) |^)i. (17) 

3 

The measurement suggested above can be considered as 
measuring the observable O in ( |l2] ) or reformulating it as 
positive operator values measure (POVM) in the follow- 
ing form 

v = \TrpV\, f = n+-n_, 

n+ = 22 \ + ,m,n)(+,m,n\, 



ft- = ^2 \-,m,n)(-,m,n\, 



\+,m,n) = -j=(\ip n ) \ip m ) 1 + \ip m )o\ip n )i), 
\-,m,n) = -j=(\lp n ) \lp m )i - |^ m )o|^n>l)- 



(18) 
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The particular POVMs li + and li_ represent projectors 
onto symmetric (antisymmetric) subspaces of the total 
space of systems and 1. Hence V is dichotomic variable 
with eigenvalues ±1. 

This overlap measurement can be used to quantify an- 
other important state characteristics. Direct application 
is measuring of probability p = (^\p\^), if the pure state 
\ty) can be generated. It can be important in the cases, 
when a measuring apparatus consisting of all the projec- 
tions cannot be realized, however the particular eigen- 
states can be prepared. Another possible applications 
are measuring of purity P = Trp and linear entropy 
S L =1- Tip 2 . 

In addition, the proposed measurement is nondcmoli- 
tion overlap measurement. It can be simply proved: after 
measurement the output state is described as balanced 
mix of input density matrices 



Pout 



n B n A 
Pi 92 



(19) 



and if one applicates once more the same pro pos ed mea- 
surement, then one obtain the same visibility (|ll|). It can 
be verified by inserting Eq. ( |l9| ) to Eq. (0). The nonde- 
molition character can be utilized to measure commonly 
used Hilbert-Schmidt distance 



pA + pl 



-o 



AD 



(20) 



between two states of the separated systems. To measure 
d 2 , we can first perform the measurement of particular 
purities P A and P B and then use the same ensemble to 
measure the overlap O ab between systems A and B. 

It is interesting that the visibility is given only by pos- 
itive (but not completely positive) transformation on the 
density matrix, which can be connected with some en- 
tanglement witness [p| using Werner-Peres-Horodecki's 
(WPH) criterion It can be interesting to analyse 

how the visibility depends on the correlations between 
cavities. We shall focus on the difference of probabili- 
ties A = p| — pi instead of the visibility V. First, we 
use the setup without CPS gate and fix the phase ip in 
such a way that p-\ = 1. Then after performing complete 
measurement, the difference of probabilities is given by 
A = (A\p T2 1 A) and can be both negative or positive. Due 
to WPH criterion of separability, if A is negative one can 
be sure that the total state is entangled. Thus the above 
proposed measurement can be considered as the entangle- 
ment witness, considering POVM ( |l8| ) as the definition of 
measurement. The discussion about a set of states show- 
ing the inseparability by this measurement is still in the 
investigation. Instead, we present here the simplest illus- 
trative example with qubit systems: one can simply find 
that for entangled state l/\/2 x ( 1 01) — 1 10) ) in systems 
and 1, the visibility is V = 1, whereas for maximally 
classically correlated state 1/2 x (|01)(01| + 1 10) (10| ) the 
visibility is vanishing, similarly as for orthogonal states 



|0), |1). Thus, an appropriate entanglement in the to- 
tal system can lead to the increase of the visibility in 
measuring device. 



II. POSSIBLE EXPERIMENTAL REALIZATIONS 

The simplicity of the proposed measurement, based on 
interferometric experiments, gives a possibility to exper- 
imentally implement the scheme in atom-field cavity and 
trapped ions experiments. In both these areas of quan- 
tum optics, the interferometric experiments are well mas- 
tered and the desired interaction (0) can be achieved with 
sufficiently large efficiency. Recently due to new exper- 
imental results in EIT enhancement of Kerr nonlinear 
interaction needed to construct CPS-gate, it seems to be 
reasonable to consider an implementation in this field 
too. Now, we shortly point out the basic principles of 
experimental implementations. 

In atom-field cavity experiments, to measure the over- 
lap between light fields in different cavities, an experi- 
mental setup previously used by Raimond and co-workers 
]l2]| can be utilized. The scheme is sketched in Fig. 1. A 
stream of two-level atoms serves as an auxiliary system 
and electromagnetic fields in cavities Co and G\ are the 
systems of interest. The cavities are coupled through a 
controlled superconducting waveguide to perform a lin- 
ear interaction (@). Thus the main interferometer is re- 
alized by the coupling between cavities, whereas Ramsey 
atomic interferometer is used for auxiliary system. We 
will neglect relaxation processes in the cavities, as well 
as for the atoms, during the experiment. This is real- 
istic for experimentally achievable cavity quality factors 
of a few 10 9 corresponding to photon lifetimes of the or- 
der a few ms p2| . The principle of phase manipulation 
with field in cavity was previously described in p|,pl[ and 
shows that three-level atoms interacting with light in cav- 
ity (in large detuning limit) can be effectively described 
by the Hamiltonian (0) with n — £1/5, where ft is Rabi 
vacuum coupling and 6 is detuning between atomic and 
cavity frequency. As in the experiment fj^] , the coupling 
between Co and C± plays no role during the interaction 
(0), provided that the interaction time is much shorter 
than coupling period and it is much smaller than photon 
lifetime in cavity. 

The measurement procedure can be performed as fol- 
lows. First, the coupling between Cq and C\ is switched 
on. After 50 : 50 energy exchange between the cavities 
Co and Cj,, the atom effusing from an oven O, velocity se- 
lected in zone V, is excited into a circular Rydberg state 
in zone B. The atom is prepared, before entering Co, in 
superposition -^(exp(ii/))| T) + I I)) by a classical mi- 
crowave field applied in zone R\. Then the interaction 
(jjj) in cavity realizes CPS operation. Another 50 : 50 cav- 
ity coupling follows and the atomic states are rotated in 
a second classical microwave zone i?2 (performing again 
the transformation (|^)). We choose here different phases 
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for the classical fields in R\ and Ri to prepare super- 
position with variable phase ip. The atom is finally de- 
tected by field-ionization counters D e end D g , either in 
state I |) or m state | J,). The measurement accuracy 
depends on the detector's selectivity, that is, the ability 
to distinguish between the two atomic states and on the 
velocity spread of the atomic beam. Repeating the pro- 
cedure with different phases, visibility of interference in 
the Ramsey interferometric setup can be determined. As 
was shown above, this is equal to the overlap between 
states in cavities C and C\. 

Analogical possibility of experimental demonstration 
of the proposed measurement arises in trapped ion ex- 
periments. The setup can be implemented to measure 
the overlap between two vibrational degrees of freedom 
of trapped ion. We consider two-dimensional trapped-ion 
model, where the ion is confined in a linear rf Paul-trap 
and is irradiated by two classical laser beams propagating 
along the x (system 0) and y (system 1) directions. Due 
to harmonic potential of the trap and interaction with 
laser beams, a complicated trapped ion structure can be 
approximated by two-dimensional harmonic oscillator in 
a;,y-vibrational degrees of freedom coupled to two-level 
electronic system, which will be treated as the auxiliary 
qubit. 

The construction of the CPS gate in trapped ion im- 
plementation is similar to commonly used QND measure- 
ment of vibrational energy Jl3| . The QND interaction is 
only excited between x- vibrational degree of freedom and 
internal electronic states. The y-motional mode must not 
be changed by this interaction. In the resonant approxi- 
mation between Raman transition and Stark-shifted elec- 
tronic levels and using second-order Lamb-Dicke limit, a 
kind of interaction Hamiltonian 



Hj 



wiat^GTJUl + UXTI) 



(21) 



can be obtained between vibrational harmonic oscilla- 
tion in x direction and an internal electronic states | f) 
and I {). The interaction time must be adjusted to 
t = n/2Q. Due to different interaction Hamiltonian, 
we must modify the setup in equivalent manner. In- 
stead of basis states | \), | |) of auxiliary qubit sys- 
tem, we will use the interaction invariant basis states 
|+> = 1/V2 x (| T) + I I)), h) = 1/V2 x (| T) - I I)) in 
auxiliary system with corresponding change of operation 
(^) and introduce additional phase-shift transformation 
Ups = exp(z7r/2 x a\.a x ) after CPS-gate in motional- x 
mode to retrieve correct balance between phases. Then 
the measurement can be performed in a way analogous to 
that proposed previously. To realize a linear mixing (|J) of 
the x and y modes, we can use two classical fields with an 
appropriate mutual detuning, as it was proposed in work 
jrij . Then, in the first order of Lamb-Dicke approxima- 
tion and using rotating-wave approximation, the effective 
Hamiltonian between x and y directions of vibrational 
modes has the form (|^) . The operations with vibrational 
auxiliary system can be performed using stimulated Ra- 
man pulses, similarly to ion-interferometry experiments 



fL5[| . To detect lower internal state | J.) we can apply 
Doppler beam and measure the fluorescence [|l6| (for the 
experiment reported in |17|, the detection efficiency is 
close to unity). This implementation illustrates that the 
generic measurement setup can easily be modified for var- 
ious experimental situations. 

Recently, the enhancement of nonlinear cross-Kerr in- 
teraction between two pulses using EIT was performed. 
It is possible to change the phase of light pulse about it 
by the single photon pulse To realize a large cross 
phase modulation on a single photon level, both cavity 
and free- medium regimes have been considered To 
perform CPS-gate we can use this interaction with ef- 
fective Hamiltonian H = hnhohA, where no is number 
operator of photons in mode and Na is number opera- 
tor of photons in auxiliary mode A. The auxiliary two- 
level system is represented by two paths of a photon in 
Mach-Zehnder interferometer A and the transformation 
R could be constructed using the beam splitters BS and 
phase-shifters PS in such a way, that the total scheme, 
depicted for traveling-wave configuration in Fig. 3, per- 
forms the required overlap measurement. The systems 
and 1 are represented by different modes of optical pulses 
in the upper interferometer and their states are mutually 
exchanged at the output, if the photon is presented in up- 
per arm of auxiliary interferometer A. The visibility is 
determined from the probabilities of photon detection on 
the detectors D. However, some technical problems can 
occur in realization of this setup, in addition to prepa- 
ration of intensive Kerr-like interaction, with obtaining 
efficient one photon source and synchronization of pulses 
interacting in EIT medium. 
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FIG. 1. Generic measuring device: H - Hadamard gates, 
CPS - controlled phase shift, PS - phase shift, R - coupling 
gate, D - detector. 



FIG. 2. Measuring device (atom-field cavity implementa- 
tion): O - oven, V - velocity selection, B - excitation box, 
Ri, Ri - Ramsey zones, Co, Ci - high-Q cavities, D e , D g - 
ionization detectors. 



FIG. 3. Measuring device (EIT implementation): BS - 
beam splitters, PS -phase shifters, KERR - nonlinear medium 
with EIT, D - detectors. 



4 



[1] M. Brune, S. Haroche, J.M. Raimond, L. Davidovich, 

and N. Zagury, Phys. Rev. A 45, 5193 (1992). 
[2] D.M. Meekhof, C. Monroe, B.E. King, W.M. Itano, and 

D.J. Wineland, Phys. Rev. Lett. 76, 1796 (1996). 
[3] D. Liebfried, D.M. Meekhof, B.E. King, C. Monroe, 

W.M. Itano, and D.J. Wineland, Phys. Rev. Lett. 77, 

4281 (1996). 

[4] H. Schmidt, and A. Immamoglu, Opt. Lett. 21, 1936 
(1996); H. Schmidt, and A. Immamoglu, Opt. Lett. 23, 
1007 (1998). 

[5] A. Imamoglu, H. Schmidt, G. Woods, and M. Deutsch, 
Phys. Rev. Lett. 79, 1467 (1997); T. Opatrny, and D.-G. 
Welsch, Phys. Rev. A 64 023805 (2001); S.E. Harris, and 
L.V. Hau, Phys. Rev. Lett. 82, 4611 (1999); M.D. Lukin 
and A. Imamoglu, Phys. Rev. Lett. 84, 1419 (2000). 

[6] L.G. Lutterbach, and L. Davidovich, Phys. Rev. Lett. 97, 
2547 (1997); G. Nogues, A. Rauschenbeutel, S. Osnaghi, 
P. Bertet, M. Brune, J.M. Raimond, S. Haroche, L.G. 
Lutterbach, and L. Davidovich, Phys. Rev. A 62, 054101 

(2000) ; K. Banaszek, and K. Wodkiewicz, Phys. Rev. 
Lett. 76 4344 (1996); S. Wallentowitz, and W. Vogel, 
Phys. Rev. Lett. 53 4528 (1996). 

[7] R.F. Werner, Phys. Rev. A 40, 4277 (1989). 

[8] M. Horodecki, P. Horodecki, and R. Horodecki, Phys. 

Lett. A, 223, 1 (1996). 
[9] B. Terhal, Phys. Lett. A 271, 319 (2000). B. Terhal, and 

P. Horodecki, Phys. Rev. A 61, 040301 (2000); 
[10] A. Peres, Phys. Rev. Lett. 96, 1413 (1996). 
[11] L. Davidovich, M. Brune, J.M. Raimond, and S. Haroche, 

Phys. Rev. A 53, 1295 (1996). 
[12] J.M. Raimond, M. Brune, and S. Haroche, Phys. Rev. 

Lett. 79, 1964 (1997). 
[13] R.L. de Matos Filho, and W. Vogel, Phys. Rev. Lett. 76, 

4520 (1996); L. Davidovich, M. Orszag, and N. Zagury, 

Phys. Rev. A 54, 5118 (1996); S. Wallentowitz, R.L. de 

Matos Filho, S.-C. Gou, and W. Vogel, Eur. Phys. J. D 

6, 397 (1999); C.C. Gerry, Phys. Rev. A 55, 2478 (1997); 

W. Kaige, S. Maniscalco, A. Napoli, and A. Messina, 

Phys. Rev. A 63, 043419 (2001). 
[14] A.S. Parkins, and E. Larsabal, Phys. Rev. A 63 012304 

(2001) . 

[15] J.F. Poyatos, J.I. Cirac, R. Blatt, and P. Zoller, Phys. 

Rev. A 54,1532 (1996). 
[16] C. Monroe, D.M. Meekhof, B.E. King, S.R. Jefferts, 

W.M. Itano, D.J. Wineland, and PL. Gould, Phys. Rev. 

Lett. 75, 4011 (1995). 
[17] C. Monroe, D.M. Meekhof, B.E. King, and D.J. 

Wineland, Science 272, 1131 (1996). 



•5 



